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Abstract: In Two-Higgs-Doublet models, the conditions for CP violation can be ex-
pressed in terms of invariants under U(2) rotations among the two SU(2) Higgs doublet
fields. In order to design a strategy for measuring the invariants we express them in terms
of observables, i.e., masses and couplings of scalar bosons. We find amplitudes directly sen-
sitive to the invariants. Observation of the Standard-Model-like Higgs boson at the LHC
severely constrains the models. In particular, in the model with Z2 symmetry imposed on
dimension-4 terms (in order to eliminate tree-level flavour-changing neutral currents), CP
violation is strongly suppressed. On the other hand, the most general Two-Higgs-Doublet
model (without Z2 symmetry) is compatible with the LHC data, and would still allow
for CP violation to be present in the model. Consequently, also flavour-changing neutral
currents would in general be expected. We briefly sketch a strategy for measuring the
remaining CP violation.
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1 Introduction
As is well known, the Two-Higgs-Doublet model (2HDM) allows for extra sources of CP
violation that originate in the scalar potential. This possibility opens interesting perspec-
tives for cosmology [1]. Nevertheless, this option receives little attention in much of the
literature [2]. The 2HDM can be formulated in any basis chosen for the Higgs doublets,
e.g. any U(2) rotation acting upon the doublets (Φ1,Φ2) would lead to an equivalent basis.
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Thus, physical implications, such as cross sections, decay widths etc., can only depend on
quantities that are basis independent. In this paper we discuss CP violation originating
from the scalar sector of the 2HDM. In order to present results in a basis independent way,
we are going to study weak basis invariants sensitive to CP violation.
Necessary conditions for having CP violation in this model were first formulated in
terms of invariants 20 years ago by Lavoura, Silva and Botella [3, 4]. More recently, this
issue was addressed by Branco, Rebelo and Silva-Marcos [5], by Gunion and Haber [6] and
by Haber and O’Neil [7]. Independent approaches have been presented both in terms of al-
gebraic invariants [8] and geometric quantities [9–12]. Detailed discussions of CP-violating
invariants are also contained in [13]. These invariants are analogous to the Jarlskog in-
variant J [14] describing CP violation induced by the Yukawa couplings in the Standard
Model (SM).
There exist several versions of the 2HDM which differ by the Yukawa interactions,
e.g. type I or type II 2HDM. Our intention in this paper is to present results which are
type-independent, thus insensitive to the Yukawa structure, and hence applicable in any
2HDM. Therefore we are going to restrict ourselves to the bosonic sector of the model. The
Yukawa sector will in general supply additional sources of CP violation.
The paper is organized as follows. In section 2 we review the model, and establish our
notation. In section 3 we discuss CP violation, and present the criteria for CP violation in
terms of physical couplings and masses. In section 4 we relate these invariants to physical
amplitudes involving scalars and vector bosons. Then, in section 5 we discuss the limit in
which the 125 GeV Higgs particle observed at the LHC [15, 16] is the lightest neutral Higgs
boson of the model, and couples to vector bosons like the SM Higgs boson. We show that
the most general 2HDM still allows for CP violation involving the heavier companions,
and also that tree-level flavour violation in couplings of neutral scalars could be present.
In section 6 we present some numerical illustrations, in section 7 we outline a strategy
for systematically excluding or discovering CP violation in the model, and in section 8 we
summarize our main points. Technical details are relegated to two appendices.
2 The model
The scalar potential of the 2HDM shall be parametrized in the standard fashion:
V (Φ1,Φ2) = −1
2
{
m211Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 +
[
m212Φ
†
1Φ2 + H.c.
]}
+
λ1
2
(Φ†1Φ1)
2 +
λ2
2
(Φ†2Φ2)
2 + λ3(Φ
†
1Φ1)(Φ
†
2Φ2) + λ4(Φ
†
1Φ2)(Φ
†
2Φ1)
+
1
2
[
λ5(Φ
†
1Φ2)
2 + H.c.
]
+
{[
λ6(Φ
†
1Φ1) + λ7(Φ
†
2Φ2)
]
(Φ†1Φ2) + H.c.
}
(2.1)
≡ Yab¯Φ†a¯Φb +
1
2
Zab¯cd¯(Φ
†
a¯Φb)(Φ
†
c¯Φd). (2.2)
In the second form, eq. (2.2), a summation over barred with un-barred indices is implied,
e.g., a = a¯ = 1, 2. Thus,
Y11 = −m
2
11
2
, Y12 = −m
2
12
2
, Y21 = −(m
2
12)
∗
2
, Y22 = −m
2
22
2
(2.3)
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and
Z1111 = λ1, Z2222 = λ2, Z1122 = Z2211 = λ3,
Z1221 = Z2112 = λ4, Z1212 = λ5, Z2121 = (λ5)
∗,
Z1112 = Z1211 = λ6, Z1121 = Z2111 = (λ6)
∗,
Z1222 = Z2212 = λ7, Z2122 = Z2221 = (λ7)
∗. (2.4)
All other Zab¯cd¯ vanish.
Usually a Z2 symmetry is imposed on the dimension-4 terms in order to eliminate
potentially large flavour-changing neutral currents in the Yukawa couplings. We will in the
present work not restrict ourselves by imposing this symmetry, and therefore we are going
to consider the most general scalar potential, keeping also terms that are not allowed by
Z2 symmetry.
In an arbitrary basis, the vacuum may be complex, and the Higgs doublets can be
parameterized as
Φj = e
iξj
(
ϕ+j
(vj + ηj + iχj)/
√
2
)
, j = 1, 2. (2.5)
Here vj are real numbers, so that v
2
1 + v
2
2 = v
2. The fields ηj and χj are real. The phase
difference between the two vevs is given by
ξ ≡ ξ2 − ξ1. (2.6)
The vevs may also be written as
〈Φj〉 = 1√
2
(
0
vvˆj
)
. (2.7)
where
vˆ1 =
v1
v
eiξ1 , vˆ2 =
v2
v
eiξ2 , (2.8)
which will be useful later. Next, let’s define orthogonal states(
G0
η3
)
=
(
v1/v v2/v
−v2/v v1/v
)(
χ1
χ2
)
(2.9)
and (
G±
H±
)
=
(
v1/v v2/v
−v2/v v1/v
)(
ϕ±1
ϕ±2
)
. (2.10)
Then G0 and G
± become the massless Goldstone fields, and H± are the charged scalars.
The model also contains three neutral scalars, which are linear compositions of the ηi,H1H2
H3
 = R
η1η2
η3
 , (2.11)
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with the 3× 3 orthogonal rotation matrix R satisfying
RM2RT =M2diag = diag(M21 ,M22 ,M23 ), (2.12)
and with M1 ≤M2 ≤M3. A convenient parametrization of the rotation matrix R is [17, 18]
R =
R11 R12 R13R21 R22 R23
R31 R32 R33
 =
 c1 c2 s1 c2 s2−(c1 s2 s3 + s1 c3) c1 c3 − s1 s2 s3 c2 s3
−c1 s2 c3 + s1 s3 −(c1 s3 + s1 s2 c3) c2 c3
 . (2.13)
Since R is orthogonal, only three of the elements Rij are independent. The rest can be
expressed by these through the use of orthogonality relations. From the potential one can
now derive expressions for the masses of the scalars as well as Feynman rules for scalar
interactions. For a general basis that we consider here, these expressions are quite involved
and lengthy so we have chosen to collect them in appendix A.
3 CP violation
The addition of the second doublet triggers qualitatively new phenomena originating from
interactions of scalar particles. The crucial one is the attractive possibility of CP violation
in the scalar potential [19]. This extra source of CP violation might be very essential for
explaining the baryon asymmetry. In this section we are going to discuss parametrization
of CP violation in terms of weak-basis invariants.
3.1 Conditions for CP violation
As pointed out by Gunion and Haber, the conditions for having CP violation in the model
can be expressed in terms of three U(2) invariants constructed from coefficients of the
quadratic (Y ) and dimension-4 (Z) terms of the potential, together with the vacuum ex-
pectation values.
It was found [6] that in order to break CP at least one of following three invariants
had to be non-zero:
Im J1 = − 2
v2
Im
[
vˆ∗a¯Yab¯Z
(1)
bd¯
vˆd
]
, (3.1a)
Im J2 =
4
v4
Im
[
vˆ∗¯b vˆ
∗
c¯Ybe¯Ycf¯Zea¯f d¯vˆavˆd
]
, (3.1b)
Im J3 = Im
[
vˆ∗¯b vˆ
∗
c¯Z
(1)
be¯ Z
(1)
cf¯
Zea¯f d¯vˆavˆd
]
, (3.1c)
where Z
(1)
ad¯
≡ δbc¯Zab¯cd¯. Having invariants expressed by the parameters of the potential
and the vevs, one is faced with the challenge of measuring all these parameters in order to
determine the CP properties of the model [20]. For this purpose it would be much more
convenient to formulate the conditions for CP violation in terms of physically measurable
quantities like masses and couplings.
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3.2 Expressing Im Ji in terms of masses and couplings
Our aim is to express Im Ji, i = 1, 2, 3 in terms of physical quantities. We shall start by
first writing out these expressions explicitly in terms of the parameters of the potential
and the vevs. Then we will re-express the original parameters of the potential in terms of
another set of parameters:1
P67 ≡ {M2H± , µ2,M21 ,M22 ,M23 , Imλ5,Reλ6,Reλ7, v1, v2, ξ, α1, α2, α3}. (3.2)
See appendix A for details.
The resulting expressions are large, but can be handled efficiently by computer algebra.
We used Mathematica [21] for this purpose. Using (A.1)–(A.3) along with (A.18)–(A.24),
we are able to express Im Ji in terms of the parameters P67 listed in (3.2). It is also worth
noticing that each of the Im Ji is a homogeneous polynomial in a subset of P67 defined as
P0 = {M2H± , µ2,M21 ,M22 ,M23 , Imλ5,Reλ6,Reλ7}, (3.3)
for details see (A.18)–(A.24). In particular, Im J1 is of order 2, whereas Im J2 and Im J3
are of order 3. This means that by expanding these expressions in the parameters of P0, we
get 36 terms in the expansion of Im J1 and 120 terms in the expansions of Im J2 and Im J3.
We denote the couplings (HiV V ), (HiH
+H−) and (H+H−H+H−), by ei, qi and q,
respectively, details are contained in appendix B.
Let us start by investigating Im J2, since this turns out to be the simplest of the three
invariants. By writing out all the 120 terms of this invariant, using the orthogonality of the
rotation matrix, we find that the terms containing M2H± , µ
2, Imλ5,Reλ6,Reλ7 all vanish.
The resulting expression becomes
Im J2 =
2e1e2e3
v9
(M21 −M22 )(M22 −M23 )(M23 −M21 )
=
2
v9
∑
i,j,k
ijkeiejekM
4
iM
2
k =
2e1e2e3
v9
∑
i,j,k
ijkM
4
iM
2
k . (3.4)
We note that this expression is completely antisymmetric under the interchange of two of
the indices i, j, k, labeling the three neutral Higgs fields. The above formula found in the
general basis confirms the result obtained in the “Higgs basis” (v1 = v and v2 = 0) in [3].
Next, we turn to Im J1. By writing out all the 36 terms of this invariant, using the
orthogonality of the rotation matrix, we find that terms not containing neutral Higgs masses
vanish. Also, the terms containing M4i vanish in this expansion. Inspired by the results for
Im J2, we conjectured that also the expression for Im J1 should be completely antisymmetric
under the exchange of two of the indices i, j, k. A careful study of the coefficients of Im J1
in the expansion of parameters of P0 suggests we look for an expression proportional to∑
i,j,k ijke
a
i e
b
je
c
kM
2
i qj which is of order 2 in the parameters of P0. Under this conjecture,
1The potential (2.2) contains 14 real parameters. However, it is worth realizing that by an appropriate
choice of basis, one can reduce the number of free parameters to 11. Nevertheless, in order to preserve and
control the invariance with respect to basis transformations, hereafter we keep the set of 14 parameters
unless explicitly stated otherwise.
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we tried out different small values of a, b, c, seeing if we could reproduce the expression for
Im J1. After a small game of trial and error we hit the jackpot by putting a = c = 1 and
b = 0, establishing the relation
Im J1 =
1
v5
∑
i,j,k
ijkM
2
i eiekqj
=
1
v5
[M21 e1(e3q2 − e2q3) +M22 e2(e1q3 − e3q1) +M23 e3(e2q1 − e1q2)]. (3.5)
Im J3 turns out to be more complex. In fact it contains some terms with Im J1 and
Im J2 plus “independent” terms. We have established the following identity
Im J3 = K Im J1 + Im J2 +
2
v7
∑
i,j,k
ijk(v
2qi + 2eiM
2
i )M
2
i ejqk (3.6)
with
K =
2
v4
[
(e21M
2
1 + e
2
2M
2
2 + e
2
3M
2
3 ) + v
2(e1q1 + e2q2 + e3q3) + 2v
2M2H±
]
=
2
v4
[
(e21M
2
1 + e
2
2M
2
2 + e
2
3M
2
3 ) + 2v
4σ − 4v4q + 2v2M2H±
]
, (3.7)
where σ and q are defined in equations (B.11) and (B.7).
By putting all the Im Ji = 0 and solving the resulting three equations, we arrive at six
distinct cases under which we have CP conservation:
Case 1: M1 = M2 = M3. Full mass degeneracy.
Case 2: M1 = M2 and e1q2 = e2q1.
Case 3: M2 = M3 and e2q3 = e3q2.
Case 4: e1 = 0 and q1 = 0.
Case 5: e2 = 0 and q2 = 0.
Case 6: e3 = 0 and q3 = 0.
The obvious solution e1 = e2 = e3 = 0 is not included since e
2
1 + e
2
2 + e
2
3 = v
2 6= 0,
and this solution would be unphysical. If one (or more) of the 6 above cases occur, it
means that the 2HDM is CP conserving. If none of the above cases occurs, it means that
the 2HDM violates CP. It is worth noticing that the nature of CP violation is not revealed
at this point, i.e., CP could be broken explicitly or spontaneously [20].
3.3 Re-expressing the conditions for CP violation
While Im J1 and Im J2 are somewhat “atomic” in form when written as an antisymmetric
sum, Im J3 is not. Let us therefore focus on the “independent” terms in the expression for
Im J3, and split them like
2
v7
∑
i,j,k
ijk(v
2qi + 2eiM
2
i )M
2
i ejqk = 4Im J10 + 2Im J30. (3.8)
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where we have put
Im J10 =
1
v7
∑
i,j,k
ijkeiM
4
i ejqk, (3.9)
Im J30 =
1
v5
∑
i,j,k
ijkqiM
2
i ejqk. (3.10)
The quantity Im J10 is similar to Im J1 in the sense that it is bilinear in ei and linear in qi,
whereas Im J30 is linear in ei and bilinear in qi. It is straightforward to show that if both
Im J1 and Im J2 vanish, then also Im J10 vanishes. Thus, we may conclude the following:
CP is conserved if and only if ImJ1 = ImJ2 = ImJ30 = 0.
The reason for using Im J30 instead of Im J3 is that Im J30 is much easier to connect directly
to an experimentally observable quantity due to its “atomic” form.
It is also worth noting that one can write these expressions as determinants:
Im J1 =
1
v5
∣∣∣∣∣∣∣
q1 q2 q3
e1 e2 e3
e1M
2
1 e2M
2
2 e3M
2
3
∣∣∣∣∣∣∣ , (3.11)
Im J2 =
2
v9
∣∣∣∣∣∣∣
e1 e2 e3
e1M
2
1 e2M
2
2 e3M
2
3
e1M
4
1 e2M
4
2 e3M
4
3
∣∣∣∣∣∣∣ , (3.12)
Im J30 =
1
v5
∣∣∣∣∣∣∣
e1 e2 e3
q1 q2 q3
q1M
2
1 q2M
2
2 q3M
2
3
∣∣∣∣∣∣∣ . (3.13)
Comparing these expressions to the invariants found by Lavoura and Silva [3], who worked
in the “Higgs basis”, we see that our expressions reduce to theirs for this particular basis:
[Im J2]Higgs-basis = −2v6JLS1 , (3.14)
[Im J1]Higgs-basis = v
3JLS3 , (3.15)
[Im J30]Higgs-basis = −v4JLS2 . (3.16)
where JLSi , i = 1, 2, 3 refer to the expressions found by [3].
4 An attempt to measure ImJi
We here outline a systematic approach to discover or exclude CP violation in the 2HDM,
starting with observables which are theoretically easier to interpret.
– 7 –
J
H
E
P
1
1
(
2
0
1
4
)
0
8
4
Hj
Hi
Z
V1
V2
V3
V4
ek
ej
ei
Hj
Hi
Hk
Z1
Z2
Z3
ek
ei
ej
Figure 1. Feynman diagrams related to Im J2.
4.1 Im J2
Since Im J2 is trilinear in ei we look for Feynman diagrams containing three vertices, where
each vertex is proportional to ei. Also, since Im J2 contains the antisymmetric tensor ijk,
we are led to choose one of the vertices to be ZHiHj . This leads us to a study of the
Feynman amplitude structures shown in figure 1.
The amplitude of the left (tree level) diagrams (a total of six diagrams) will be pro-
portional to
M∝
∑
i,j,k
ijkeiejek
1
p234 −M2i
1
p212 −M2j
(4.1)
where p12 is the sum of the momenta of V1 and V2, whereas p34 is the sum of the momenta of
V3 and V4. The pairs V1V2 and V3V4 may be either ZZ-pairs or W
+W−-pairs. Performing
the sum over all possible combinations of internal Hi and Hj and over k, we get
M∝ (p
2
34 − p212)v9Im J2
3∏
n=1
(p212 −M2n)(p234 −M2n)
. (4.2)
The amplitude of the right (triangle loop) diagrams (six in total) will be proportional to
M ∝
∑
i,j,k
∫
d4q
∑
a,b,c
ijakjbikceaebec
1
q2 −M2i
1
(q + p1)2 −M2j
1
(q + p1 + p2)2 −M2k
×(2q + p1)µ1(2q + 2p1 + p2)µ2(2q + p1 + p2)µ3 (4.3)
where p1 and p2 are the (incoming) momenta of Z1 and Z2, respectively. Performing the
sum over i, j, k, we find
M ∝
∫
d4q
[q2 − (q + p1)2][q2 − (q + p1 + p2)2][(q + p1)2 − (q + p1 + p2)2]v9Im J2
3∏
n=1
(q2 −M2n)((q + p1)2 −M2n)((q + p1 + p2)2 −M2n)
×(2q + p1)µ1(2q + 2p1 + p2)µ2(2q + p1 + p2)µ3 . (4.4)
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Hj
Hi
Z
V1
V2
H+
H−
ek
ej
qi
Figure 2. Feynman diagram related to Im J1.
We see from this that the amplitudes of both these diagrams are directly proportional to
Im J2.
4.2 Im J1
Since Im J1 is bilinear in ei and linear in qi, we look for Feynman diagrams containing
three vertices, where two of the vertices are proportional to ei, and the third vertex is an
HiH
+H−-vertex. Also, since Im J1 contains the antisymmetric tensor ijk, we are led to
choose one of the vertices to be ZHiHj . This leads us to a study of the Feynman amplitude
structure shown in figure 2.
The amplitude corresponding to the six diagrams shown in figure 2 is proportional to
M∝
∑
i,j,k
ijkqiejek
1
p2HH −M2i
1
p212 −M2j
(4.5)
where p12 is the sum of the momenta of V1 and V2, whereas pHH is the sum of the momenta
of the H+H−-pair. The V1V2-pair may be either a ZZ-pair or a W+W−-pair. Summing
over i, j, k, we get
M∝ C1Im J1 + C11Im J11 + C12Im J12
3∏
n=1
(p212 −M2n)(p2HH −M2n)
(4.6)
where
Im J11 =
1
v7
∑
i,j,k
ijkeiM
2
iM
2
j ekqj , (4.7)
Im J12 =
1
v9
∑
i,j,k
ijkeiM
2
iM
4
j ekqj , (4.8)
C1 =
[
p212(p
2
HH − p212)(M21 +M22 +M23 − p212 − p2HH)
−(p212 −M21 )(p212 −M22 )(p212 −M23 )
]
v5, (4.9)
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Hj
Hi
Z
H+b
H−b
H+a
H−a
ek
qj
qi
Hj
Hi
H±
Z
H+
H−
ek
qj
qi
Figure 3. Feynman diagrams related to Im J30.
C11 =
[
p2HH − (M21 +M22 +M23 )
]
(p2HH − p212)v7, (4.10)
C12 = (p
2
HH − p212)v9. (4.11)
The quantities Im J11 and Im J12 are both bilinear in ei and linear in qi, but have different
“mass weights” compared to Im J1. Simple algebra shows that they both vanish when
Im J1 = Im J2 = 0.
Let us also note the intriguing property that as
p2HH → p212, (4.12)
then M simplifies enormously since C11 = C12 = 0, and the total amplitude becomes pro-
portional to Im J1. In principle, one could imagine exploiting this property experimentally
by studying this process for a range of kinematical configurations, and extrapolating to the
limit (4.12).
4.3 Im J30
Since Im J30 is linear in ei and bilinear in qi, in this case we look for Feynman diagrams
containing three vertices, where one vertex is proportional to ei, and the two other vertices
are HiH
+H−-vertices. In order to incorporate ijk that is present in Im J30 we again choose
one of the vertices to be ZHiHj . This leads us to a study of the Feynman amplitude
structures shown in figure 3.
The amplitude of the six left (tree level) diagrams will be proportional to
M∝
∑
i,j,k
ijkqiqjek
1
p2a −M2i
1
p2b −M2j
(4.13)
where pa and pb denote the sum of the (outgoing) momenta of the H
−
a H
+
a and H
−
b H
+
b
pairs, respectively. Summing over all possible combinations of i, j, k, we obtain
M∝ (p
2
a − p2b)
[
p2ap
2
bv
5Im J30 − (p2a + p2b)v7Im J31 + v9Im J32
]
3∏
n=1
(p2a −M2n)(p2b −M2n)
. (4.14)
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Similarly, the amplitude of the six right (triangle loop) diagrams will be proportional to
M ∝
∑
i,j,k
∫
d4qijkqiqjek
1
q2 −M2i
1
(q + pZ)2 −M2j
1
(q + pZ + p+)2 −M2H±
×(2q + pZ)µ (4.15)
where pZ and p+ are the (incoming) momenta of Z and H
+, respectively. Summing over
all possible combinations of i, j, k we find
M ∝
∫
d4q
q2(q + pZ)
2v5Im J30 − [q2 + (q + pZ)2]v7Im J31 + v9Im J32
[(q + pZ + p+)
2 −M2H± ]
3∏
n=1
(q2 −M2n)((q + pZ)2 −M2n)
×[q2 − (q + pZ)2](2q + pZ)µ. (4.16)
Here,
Im J31 =
1
v7
∑
i,j,k
ijkqiM
2
iM
2
j ejqk, (4.17)
Im J32 =
1
v9
∑
i,j,k
ijkqiM
2
iM
4
j ejqk. (4.18)
The quantities Im J31 and ImJ32 are both linear in ei and bilinear in qi, but have
different “mass weights” compared to Im J30. Simple algebra shows that they vanish when
Im J1 = Im J2 = Im J30 = 0.
5 The alignment limit
As is well known, the properties of the Higgs boson discovered at the LHC are close to
those predicted by the SM [22–24]. Motivated by this experimental fact we shall in this
section discuss the limit of the 2HDM which reproduces the SM couplings of H1 to vector
bosons. The limit is referred to as alignment, see section 1.3 in [25] and [26, 27].2
It should be emphasized that no assumptions concerning the mass spectrum of non-
standard Higgs bosons is being made here. Therefore the alignment limit is not identical to
the decoupling limit [28] which is defined by increasing the masses of non-standard Higgs
bosons. Of course, decoupling implies alignment, but the inverse is not true. In fact, it has
recently been verified [29] by fitting the 2HDM (type I and II) to available experimental
data, that the model indeed allows for masses of extra scalars even within the 150−200 GeV
range, which is below the decoupling regime.
Within the CP-violating 2HDM the coupling of H1 to a pair of vector bosons, e1, can
be written as:
e1 = v cos(α2) cos(α1 − β), (5.1)
2“Alignment” is used also in the flavour sector, we emphasize that these are different kinds of “align-
ment”.
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where tanβ = v2/v1. The alignment is equivalent to putting e1 = v. Since the ei satisfy
the unitarity sum rule
∑
i=1,2,3 e
2
i = v
2, alignment implies also e2 = e3 = 0, meaning
α1 = β, α2 = 0. (5.2)
The rotation matrix in this case becomes
R =
R11 R12 R13R21 R22 R23
R31 R32 R33
 =
 cβ sβ 0−sβ c3 cβ c3 s3
sβ s3 −cβ s3 c3
 . (5.3)
Note that the mixing matrix could be written in this case as
R = R3R1 =
1 0 00 c3 s3
0 −s3 c3

 cβ sβ 0−sβ cβ 0
0 0 1
 . (5.4)
The couplings between Hi and H
+H− simplify in the alignment limit:3
q1 =
1
v
(
2M2H± − 2µ2 +M21
)
, (5.5)
q2 = +c3
[
(c2β − s2β)
vcβsβ
(M22 − µ2) +
v
2s2β
Reλ6 − v
2c2β
Reλ7
]
+ s3
v
2cβsβ
Imλ5, (5.6)
q3 = −s3
[
(c2β − s2β)
vcβsβ
(M23 − µ2) +
v
2s2β
Reλ6 − v
2c2β
Reλ7
]
+ c3
v
2cβsβ
Imλ5. (5.7)
It is easy to see that in this limit, the expressions for the CP-violating invariants become4
Im J1 = 0,
Im J2 = 0, (5.8)
Im J30 =
q2q3
v4
(M23 −M22 ).
Two comments are here in order. First, note that e1 = v implies no CP violation in the
couplings to gauge bosons (Im J2 = 0), the only possible CP violation may appear in cu-
bic scalar couplings (H2H
+H−) and (H3H+H−), proportional to q2 and q3, respectively.
Second, the necessary condition for CP violation is that both (H2H
+H−) and (H3H+H−)
couplings must exist together with a non-zero ZH2H3 vertex (∝ e1). Note that the exis-
tence of the latter implies that for CP invariance, either H2 or H3 would have to be odd
under CP. However, since they both couple to H+H− (that is CP even), there would be
no way to preserve CP.
It is important to note that in the case when λ6 = λ7 = 0 (due to Z2 symmetry imposed
on the dimension-4 part of the potential) the (1, 3) and (2, 3) entries of the neutral mass-
squared matrix, M213 and M223, are related as follows
M213 = tβM223, (5.9)
3Here we adopt a weak basis such that the relative phase of the two vevs vanishes, i.e. ξ = 0.
4When α2 = 0, but α1 6= β, we confirm that Im J2 has the form given in footnote [21] of [30] (denoted
J1 by them).
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where tβ ≡ tanβ. As a consequence of the above relation there is a constraint that relates
mass eigenvalues, mixing angles and tβ [31]:
M21R13(R12tβ −R11) +M22R23(R22tβ −R21) +M23R33(R32tβ −R31) = 0. (5.10)
In the alignment limit, the above relation simplifies to (M22 −M23 )s3c3sβ = 0, so that either
M2 = M3, α3 = 0 or α3 = ±pi/2. It is easy to see that in all three cases, CP violation
disappears. If M2 = M3 then after the following reparametrization of HiH1H2
H3
→ R3
H1H2
H3
 , (5.11)
the resulting mixing matrix is just R = R1, implying no CP violation, consistent with
Im J30 = 0. If, on the other hand, α3 = 0 or ±pi/2, then q2 = 0 or q3 = 0, respectively, so
again Im J30 = 0.
5 It must be emphasized that the above important conclusion was based
on the assumption that λ6 = λ7 = 0.
If, on the other hand, λ6 6= 0 and/or λ7 6= 0, thenM213 andM223 are not correlated as
in (5.9), and we may not claim that M2 = M3, nor that α3 = 0 or ±pi/2. So there is still
room for CP violation.
Attempts to find symmetries that would naturally lead to alignment severely restrict
the model. One possibility6 is just the standard Z2 (invoked usually upon dimension-4
terms to suppress FCNC in Yukawa couplings) imposed in the Higgs basis, see section 1.3
in [25]. This symmetry is however much too restrictive as it implies both λ6 = 0 and λ7 = 0
(possibly together with m212 = 0), while the alignment comprises just one constraint i.e.,
e1 = v. Obviously, when the symmetry is imposed there is no way to accommodate CP
violation in the scalar potential. Another attempt to find alignment was discussed recently
in [32], where the authors introduce a 2HDM based on the SO(5) group and show that this
leads to alignment. Dimension-4 terms in the scalar potential are assumed to be invariant
under SO(5), while the symmetry is softly broken by bilinear Higgs mass terms. In addition
the symmetry is violated by the hypercharge gauge coupling and third-generation Yukawa
couplings. Again, the symmetry is so restrictive that there is no room for CP-violation in
the scalar potential within this scenario.
So far, we have defined alignment in terms of mixing angles, α1 = β and α2 = 0. How-
ever, it is also worth trying to express the conditions in terms of the potential parameters.
Especially, in the case of seeking a symmetry responsible for the alignment it is necessary
to have the alignment condition in terms of scalar quartic coupling constants. Let us start
with the relation between the initial, non-diagonal scalar mass-squared matrixM2 and the
mixing angles. In general we have
RM2RT =M2diag = diag(M21 ,M22 ,M23 ).
5In both cases the mixing matrix reduces to just R = R1 as in the CP-conserving 2HDM.
6We thank Howard Haber for a discussion concerning this point.
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In the case of alignment, R = R3Rβ where Rβ ≡ R1|α1=β. Then the mass-squared matrix
M2 must be diagonalizable by R3Rβ. Therefore it is of the following form:
M2 = RTβRT3M2diagR3Rβ. (5.12)
For a given tβ the above form of M2 has 4 independent parameters, while in general it
would have 6 parameters. Therefore we anticipate the existence of two relations between
the a priori independent entries of M2. Those relations would be the wanted alignment
conditions, expressed in terms of the potential parameters and tβ. Indeed, from (5.12) one
can find the following constraints satisfied by the entries of M2:
M213 = −tβM223, (5.13)(
t−1β − tβ
)
M212 = (M211 −M222). (5.14)
It is worth noting that these two formulas are satisfied not only by e1 = v, in fact they
hold whenever e2i = v
2 for any i = 1, 2, 3. Using the general formulae for the elements of
M2, (A.5)–(A.10) one finds from (5.13)–(5.14)
v22Im
(
eiξλ7
)
+ v2v1Im
(
e2iξλ5
)
+ v21Im
(
eiξλ6
)
= 0, (5.15)
v42Re
(
eiξλ7
)
+ v32v1(−λ2 + λ345) + 3v22v21Re
[
eiξ(λ6 − λ7)
]
+
+v2v
3
1(λ1 − λ345)− v41Re
(
eiξλ6
)
= 0 (5.16)
where λ345 ≡ λ3 + λ4 + Re
(
e2iξλ5
)
, and the terms have been ordered in powers of v1 and
v2. In the CP-conserving limit, with ξ = 0, Imλ5 = Imλ6 = Imλ7 = 0, we reproduce the
single alignment condition found recently in ref. [32]. If one wishes to satisfy the alignment
conditions for any value of v1, v2 and ξ, then the following constraints must be fulfilled:
λ1 = λ2 = λ3 + λ4, λ5 = λ6 = λ7 = 0. (5.17)
Two comments are here in order. First, the above constraints eliminate the possibility of CP
violation. Seeking a relation between quartic coupling constants that would be responsible
for the alignment one would indeed have to satisfy (5.15)–(5.16) without any reference to
the v1, v2 and ξ. Unfortunately its implication (5.17) is inconsistent with the possibility
of having CP violated in the potential. However, the reader should be reminded that
from a phenomenological point of view there is no need to satisfy the alignment conditions
regardless of the value of v2/v1. We may conclude that for CP to be violated, tβ must
be properly tuned to satisfy the alignment conditions. Second, it is amusing to note that
a potential satisfying the conditions (5.17) in a CP-conserving case, has been considered
in [33] in a different context, namely that of finding a 2HDM that would automatically
satisfy the S, T, U constraints. An underlying symmetry has not been determined.
We can conclude that the observation of the SM-like Higgs boson at the LHC implies
(within the 2HDM with Z2 softly broken) vanishing CP violation in the scalar potential.
Note that this conclusion could be realized either by large masses of the extra Higgs bosons
(the decoupling regime, the case we are not discussing) or by alignment with relatively light
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extra Higgs bosons (the case discussed here). For both possibilities the H1V V coupling
is SM-like so CP violation disappears within the 2HDM with softly broken Z2 symmetry.
We can summarize by emphasizing that, in order for CP violation to be present in the
scalar potential, then the LHC data would favour a generic 2HDM with no Z2 symmetry
(thus allowing for non-zero λ6 and/or λ7). A consequence of that would be the interesting
possibility of large (tree-level generated) FCNC in some Yukawa couplings.
6 Numerical illustrations
In reality measurements will never tell us that indeed theH1V V coupling is exactly SM-like,
so we should allow for some maximal deviation from alignment. For that purpose we define
δ ≡ 1− e1/v (6.1)
and illustrate predictions for the remaining CP violation as functions of δ.
First we specify two cases of our scanning strategy.
• We denote by 2HDM5 the model with Z2 softly broken, so λ6 = λ7 = 0. The model
parameters are listed as
P5 ≡ {M2H± , µ2,M21 ,M22 , v1, v2, ξ = 0, α1, α2, α3}.
In this case we fix M2H± , µ
2, M2, tanβ (for the LHC Higgs boson we use M1 =
125 GeV) and scan over −pi/2 ≤ α1, α2, α3 ≤ pi/2 for chosen maximal deviation δ,
imposing M1 < M2 < M3, vacuum stability and unitarity.
• 2HDM67 refers to the general 2HDM, so that Z2 is not imposed, consequently λ6 6=
0, λ7 6= 0. In this case the parameters of the model are
P67 ≡ {M2H± , µ2,M21 ,M22 ,M23 , Imλ5,Reλ6,Reλ7, v1, v2, ξ = 0, α1, α2, α3}
For this general case M2H± , µ
2, M2, M3, and tanβ are fixed (for the LHC Higgs
boson we use M1 = 125 GeV) while we scan over −pi/2 ≤ α1, α2, α3 ≤ pi/2 and
|Imλ5|, |Reλ6|, |Reλ7| < 5, for chosen maximal deviation δ, imposing M1 < M2 < M3,
vacuum stability and unitarity.
Figure 4 illustrates regions of (α1, α2) (see eq. (5.2)) which are compatible with δ ≤ 0.05,
the external edge corresponds to δ = 0.05. Approaching the center of the contours δ → 0.
In figures 5–7 we show correlations between Im Ji and δ. As one could have anticipated
from the discussion of alignment, all the invariants must vanish as δ decreases in the model
with λ6 = λ7 = 0. However, as seen in figure 7, when λ6 6= 0 and/or λ7 6= 0 then Im J30
does not vanish even when δ → 0, as illustrated by the green dots for small values of δ,
and corresponding to non-zero Im J30. Typically Im J30 ∼ 1 − 3, showing a large amount
of CP violation present in the model even in the vicinity of the alignment limit.
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Figure 4. Allowed regions in the (α1, α2) space for tanβ = 2 corresponding to maximal deviation
δ = 0.05 within the 2HDM5 (Z2 softly broken) and 2HDM67, are shown in the left and right panels,
respectively. The coloring corresponds to ranges of δ shown in the legend. Vacuum stability and uni-
tarity constraints are satisfied. The parameters adopted are M1 = 125 GeV, M2 = 400 GeV, MH± =
500 GeV, tanβ = 2, µ = 400 GeV for the 2HDM5. For the 2HDM67, in addition, M3 = 500 GeV.
Before closing this section let us focus on the figure showing Im J2, where remark-
ably the green dots are all inside a triangular region with a clear boundary. In order to
understand this, we recall that
Im J2 =
2e1e2e3
v9
(M21 −M22 )(M22 −M23 )(M23 −M21 )
Using the fact that e1 = v(1 − δ) and |e3| =
√
v2 − e21 − e22, one can easily find that for
small δ, |Im J2|max simplifies to a linear function reproducing the triangle shape
|Im J2|max ' δ
v6
(M21 −M22 )(M22 −M23 )(M23 −M21 ). (6.2)
7 Search strategy
We have identified processes related to all the Im Ji, so that now we are able to propose
a strategy to test if all the Im Ji vanish (implying CP conservation), or if one of them is
nonzero (CP violation). Since in the alignment limit only Im J30 might be non-vanishing
we focus on prospects for its measurement.
Step 1: let us start with Im J2, and choose one of the processes shown in figure 1. The
triangle-loop diagram to the right is more appealing due to the fact that the ZZZ-vertex
is absent at tree-level. As we have shown, the amplitude is directly proportional to Im J2,
and is thus suitable to determine whether Im J2 vanishes or not.
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Figure 5. Correlation between Im J1 and the deviation δ for δ ≤ 0.05. Green and red dots
correspond to 2HDM67 and 2HDM5, respectively.
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Figure 6. Correlation between Im J2 and the deviation δ for δ ≤ 0.05. Green and red dots
correspond to 2HDM67 and 2HDM5, respectively.
– 17 –
J
H
E
P
1
1
(
2
0
1
4
)
0
8
4
0.00 0.01 0.02 0.03 0.04 0.05
-6
-4
-2
0
2
4
6
d
Im
J
3
0
2 HDM67
2 HDM5
Figure 7. Correlation between Im J30 and the deviation δ for δ ≤ 0.05. Green and red dots
correspond to 2HDM67 and 2HDM5, respectively.
Phenomenological discussions [34–36] of the ZZZ vertex have presented its most gen-
eral Lorentz structure. In ref. [35] the CP-violating vertex is analyzed, with Z1, Z2, Z3 all
off-shell. A total of 14 Lorentz structures are identified, all preserving parity. Some of these
vanish when one or more Z is on-shell. If we characterize them by momenta and Lorentz
indices (p1, µ1), (p2, µ2) and (p3, µ3), and let Z2 and Z3 be on-shell, then the structure
reduces to the form
eΓµ1µ2µ3ZZZ = ief
Z
4
p21 −M2Z
M2Z
(pµ21 g
µ1µ3 + pµ31 g
µ1µ2), (7.1)
where e is the proton charge and fZ4 is a dimensionless form factor. This structure arises
from an effective CP-violating operator of the form [37]
OZZZ = −e
m2Z
fZ4
[
∂µ
(
∂µZβ − ∂βZµ
)]
Zα (∂
αZβ) . (7.2)
A more detailed phenomenological discussion of fZ4 will be presented elsewhere [38].
Step 2: if in Step 1 we have been able to determine a nonzero Im J2, then we know that
the 2HDM violates CP. If, on the other hand, we find that Im J2 is consistent with zero, then
the next step would be to proceed to Im J1, in order to determine if this quantity vanishes or
not. For the process shown in figure 2, we have already shown that in the case of Im J2 = 0,
the amplitude will vanish if Im J1 vanishes. We choose V1V2 to be a W
+W−-pair since
it makes all particles involved distinguishable. Characterizing Z,W− and W+ by Lorentz
indices µ1, µ2 and µ3, respectively, the Lorentz-structure for this process is proportional to
(pV V − pHH)µ1gµ2µ3 = (pZ − 2pHH)µ1gµ2µ3 . (7.3)
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The effective Lagrangian giving rise to such a structure would be[
(∂µZ
µ)H+H− − 2Zµ(H−∂µH+ +H+∂µH−)
]
W †αW
α, (7.4)
which also clearly violates CP. Again, it is beyond the scope of this work to discuss further
phenomenological consequences of this amplitude.
Step 3: if we by now have confirmed that both ImJ1 and Im J2 vanish, the only possibility
for a CP-violating 2HDM would be if Im J30 were nonzero, so we turn to the processes
in figure 3. Of these processes, the triangle-loop diagram is more appealing due to fewer
particles in the “final” state. The Lorentz structure for this process will consist of two parts:
ApµZ +B(p+ − p−)µ. (7.5)
Here, A will be a CP-violating form factor, and B will be a CP-conserving form factor.
The effective Lagrangian giving rise to the CP-violating part would be
OCPVZH+H− = Zµ
[
(∂µH+)H− + (∂µH−)H+
]
, (7.6)
and for the CP conserving one
OCPCZH+H− = Zµ
[
(∂µH+)H− − (∂µH−)H+] . (7.7)
At the tree-level, the contribution to the ZH+H−-vertex is proportional to (p+ − p−)µ,
which is CP-conserving. CP-violating contributions (proportional to pµZ) arise only at loop
level. In experiment, we would need to single out the parts proportional to pµZ in order
to measure whether Im J30 vanishes or not. In the SM, A (arising from the CKM matrix)
would also be generated via quark loops, however a non vanishing contribution requires at
least a 3-loop diagram, so it is efficiently suppressed.
8 Summary
In this paper we have expressed the three invariants Im Ji in terms of physically observable
quantities like couplings and masses, independently confirming the result of [3, 4]. We have
used this to formulate conditions for CP conservation in terms of couplings and masses.
We have also identified processes that are sensitive to each of the ImJi, in order to figure
out how to determine, through experiment, whether the 2HDM is CP violating or not.
We have further investigated the scenario in which the lightest neutral scalar mimics
the SM Higgs boson, showing that there is still room for CP violation, provided we have
nonzero λ6 and/or λ7, i.e., non-conserved Z2 symmetry.
We have also found that there is a conflict between the possibility of violating CP in the
potential and explanation of the alignment by relations (perhaps symmetry) satisfied by
the quartic coupling constants in the scalar potential for any v1, v2 and the relative phase ξ.
Bearing in mind the Higgs LHC data, we have sketched a strategy that may lead to an
experimental test of CP violation in the scalar sector of the 2HDM. A detailed experimental
study of ZZZ and ZH+H− vertices together with Z? → V V H+H− seem to be necessary
in order to test CP symmetry in the scalar potential. The proposed strategy would certainly
constitute a very serious experimental challenge, but a result would be highly significant.
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A Further properties of the model
In this appendix we collect formulas relevant for minimization of the potential and de-
termination of scalar masses. We also show relations between quartic coupling constants
and masses and mixing angles, they are crucial to show that potential parameters could
indeed be expressed through the parameter set (3.2) that we are adopting. It should be
emphasized that the relations presented here are applicable for the most general 2HDM
without any Z2 symmetry imposed on the model.
A.1 Stationary points of the potential
By demanding that the derivatives of the potential (2.1) with respect to the fields should
vanish in the vacuum, we end up with the following stationary-point equations:
m211 = v
2
1λ1 + v
2
2(λ3 + λ4) +
v22
cξ
(Reλ5cξ − Imλ5sξ)
+
v1v2
cξ
[Reλ6(2 + c2ξ)− Imλ6s2ξ] + v2
v1cξ
(v22Reλ7 − Rem212) , (A.1)
m222 = v
2
2λ2 + v
2
1(λ3 + λ4) +
v21
cξ
(Reλ5cξ − Imλ5sξ)
+
v1v2
cξ
[Reλ7(2 + c2ξ)− Imλ7s2ξ] + v1
v2cξ
(v21Reλ6 − Rem212) , (A.2)
Imm212 =
v1v2
cξ
(Reλ5s2ξ + Imλ5c2ξ) +
v21
cξ
(Reλ6sξ + Imλ6cξ)
+
v22
cξ
(Reλ7sξ + Imλ7cξ)− Rem212tξ, (A.3)
with cx = cosx, sx = sinx, and tx = tanx. Thus, we may eliminate m
2
11, m
2
22 and Imm
2
12
from the potential by these substitutions, thereby reducing the number of parameters of
the model.
A.2 The scalar masses and the re-expression of the λs
From the bilinear terms of potential, we may read off directly the mass of the charged
scalars
M2H± =
v2
2v1v2cξ
Re
(
m212 − v21λ6 − v22λ7 − v1v2eiξ [λ4 + λ5]
)
, (A.4)
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and the elements of the neutral-sector mass matrix
M211 = v21λ1 − v22s2ξReλ5 −
v22
2cξ
sξc2ξImλ5 +
v1v2
2cξ
(1 + 2c2ξ)Reλ6
−2v1v2sξImλ6 − v
3
2
2v1cξ
Reλ7 +
v2
2v1cξ
Rem212, (A.5)
M222 = v22λ2 − v21s2ξReλ5 −
v21
2cξ
sξc2ξImλ5 +
v1v2
2cξ
(1 + 2c2ξ)Reλ7
−2v1v2sξImλ7 − v
3
1
2v2cξ
Reλ6 +
v1
2v2cξ
Rem212, (A.6)
M233 = −v2c2ξReλ5 −
v2
2cξ
(2s3ξ − 3sξ)Imλ5
− v
2v1
2v2cξ
Reλ6 − v
2v2
2v1cξ
Reλ7 +
v2
2v1v2cξ
Rem212, (A.7)
M212 = v1v2(λ3 + λ4) + v1v2c2ξReλ5 +
v1v2
2cξ
(2s3ξ − 3sξ)Imλ5 +
v21
2cξ
(2 + c2ξ)Reλ6
−v21sξImλ6 +
v22
2cξ
(2 + c2ξ)Reλ7 − v22sξImλ7 −
1
2cξ
Rem212, (A.8)
M213 = −
1
2
vv2s2ξReλ5 − 1
2
vv2c2ξImλ5 − vv1sξReλ6 − vv1cξImλ6, (A.9)
M223 = −
1
2
vv1s2ξReλ5 − 1
2
vv1c2ξImλ5 − vv2sξReλ7 − vv2cξImλ7. (A.10)
The eigenvalues of this matrix will be the masses of the three neutral scalars. In order to
find these, a cubic equation needs to be solved. For our purposes, a different approach will
suffice. We may rewrite the elements of the mass matrix M2ij in terms of the eigenvalues
M2i and elements of the rotation matrix Rij as six equations:
M211 = M21R211 +M22R221 +M23R231, (A.11)
M222 = M21R212 +M22R222 +M23R232, (A.12)
M233 = M21R213 +M22R223 +M23R233, (A.13)
M212 = M21R11R12 +M22R21R22 +M23R31R32, (A.14)
M213 = M21R11R13 +M22R21R23 +M23R31R33, (A.15)
M223 = M21R12R13 +M22R22R23 +M23R32R33. (A.16)
We may now regard (A.4) and (A.11)–(A.16) as a set of seven equations. These equations
are linear in the λi-parameters of the potential. We have 10 such parameters (counting
both real and imaginary parts of λ5, λ6 and λ7) and may now solve this set of seven
equations for seven of the λi-parameters, thus expressing them in terms of the other pa-
rameters we have introduced. It is convenient to solve for the following set of parameters:
(λ1, λ2, λ3, λ4,Reλ5, Imλ6, Imλ7). We also introduce the more convenient parameter µ
2 by
putting
Re m212 =
2v1v2
v2
µ2. (A.17)
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Solving the set of equations, we arrive at
λ1 = − v
2
2
v2v21c
3
ξ
µ2 +
(R11v −R13v2tξ)2
v2v21
M21 +
(R21v −R23v2tξ)2
v2v21
M22
+
(R31v −R33v2tξ)2
v2v21
M23 −
v22tξ
2v21c
2
ξ
Imλ5
−v2(2c2ξ + 1)
2v1c3ξ
Reλ6 +
v32
2v31c
3
ξ
Reλ7, (A.18)
λ2 = − v
2
1
v2v22c
3
ξ
µ2 +
(R12v −R13v1tξ)2
v2v22
M21 +
(R22v −R23v1tξ)2
v2v22
M22
+
(R32v −R33v1tξ)2
v2v22
M23 −
v21tξ
2v22c
2
ξ
Imλ5
+
v31
2v32c
3
ξ
Reλ6 − v1(2c2ξ + 1)
2v2c3ξ
Reλ7, (A.19)
λ3 =
2
v2
M2H± −
1
v2c3ξ
µ2 +
(R12v −R13v1tξ) (R11v −R13v2tξ)
v2v1v2
M21
+
(R22v −R23v1tξ) (R21v −R23v2tξ)
v2v1v2
M22
+
(R32v −R33v1tξ) (R31v −R33v2tξ)
v2v1v2
M23
− 1
2c2ξ
tξImλ5 − v1c2ξ
2v2c3ξ
Reλ6 − v2c2ξ
2v1c3ξ
Reλ7, (A.20)
λ4 = − 2
v2
M2H± +
c2ξ
v2c3ξ
µ2 +
R213
v2c2ξ
M21 +
R223
v2c2ξ
M22 +
R233
v2c2ξ
M23
− 1
2c2ξ
tξImλ5 − v1c2ξ
2v2c3ξ
Reλ6 − v2c2ξ
2v1c3ξ
Reλ7, (A.21)
Reλ5 =
1
v2c3ξ
µ2 − R
2
13
v2c2ξ
M21 −
R223
v2c2ξ
M22 −
R233
v2c2ξ
M23
+
1
4c3ξ
(3sξ + s3ξ)Imλ5 − v1
2v2c3ξ
Reλ6 − v2
2v1c3ξ
Reλ7, (A.22)
Imλ6 = − v2tξ
v2v1c2ξ
µ2 +
R13 (R13v2tξ −R11v)
v2v1cξ
M21 +
R23 (R23v2tξ −R21v)
v2v1cξ
M22
+
R33 (R33v2tξ−R31v)
v2v1cξ
M23−
v2
2v1c3ξ
Imλ5− 1
2c2ξ
tξc2ξReλ6+
v22tξ
2v21c
2
ξ
Reλ7, (A.23)
Imλ7 = − v1tξ
v2v2c2ξ
µ2 +
R13 (R13v1tξ −R12v)
v2v2cξ
M21 +
R23 (R23v1tξ −R22v)
v2v2cξ
M22
+
R33 (R33v1tξ−R32v)
v2v2cξ
M23−
v1
2v2c3ξ
Imλ5+
v21tξ
2v22c
2
ξ
Reλ6− 1
2c2ξ
tξc2ξReλ7. (A.24)
These substitutions enable us to express quantities (couplings, observables, etc.) arising
from the vevs and the potential in terms of the set of parameters P67 of equation (3.2). We
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also note that each of the seven expressions listed above is linear in the subset of parameters
denoted P0 and given by equation (3.3).
B Relevant coupling coefficients
The couplings involving scalars can be read off from the relevant parts of the Lagrangian,
and hence the Feynman rules for different interactions can be found. We shall here present
expressions for the couplings relevant for the bosonic sector of the model. Some of them
were not adopted explicitly in the main text, however we find it useful to collect them here
for completeness and future reference. The couplings involving physical scalars only are
quite lengthy, so we will introduce the following abbreviations in order to compactify them:
ei ≡ v1Ri1 + v2Ri2, (B.1)
fi ≡ v1Ri2 − v2Ri1 − ivRi3, (B.2)
gi ≡ v31Ri2 + v32Ri1, (B.3)
hiik ≡ v1R2i2Rk2 + v2R2i1Rk1. (B.4)
B.1 The HiH
−H+, HiHiH−H+ and H−H−H+H+ couplings
In addition to containing terms bilinear in the fields (that give us the masses of the scalar
particles), the potential also contains trilinear and quadrilinear terms corresponding to in-
teractions between the fields. In the present work, we shall need the HiH
−H+, HiHiH−H+
and H−H−H+H+ couplings. Reading the coefficients of these interactions directly off from
the potential, we find
qi ≡ Coefficient(V,HiH−H+)
=
2ei
v2
M2H± −
Ri2v1 +Ri1v2 −Ri3vtξ
v1v2cξ
µ2 +
gi −Ri3v3tξ
v2v1v2
M2i +
Ri3v
3
2v1v2c2ξ
Imλ5
−v
2 (Ri3vtξ −Ri2v1 +Ri1v2)
2v22cξ
Reλ6 − v
2 (Ri3vtξ +Ri2v1 −Ri1v2)
2v21cξ
Reλ7, (B.5)
qii ≡ Coefficient(V,HiHiH−H+)
=
e2i
v4
M2H± −
(
v21 − v22
)2 |fi|2 + 2v1v2eigi − 2v3v1v2eiRi3tξ + v4|fi|2t2ξ
2v4v21v
2
2cξ
µ2
+
1
2v4v21v
2
2
3∑
k=1
[
gk
(
2eiRi3Rk3v1v2 + gkR
2
i3 + hiikv
2
)
−vRk3
(
gk
(|fi|2 +R2i3v2)+ 2eiRi3Rk3v1v2v2 + hiikv4) tξ
+|fi|2R2k3v4t2ξ
]
M2k
+
2eiRi3vv1v2 − v2|fi|2tξ
4v21v
2
2c
2
ξ
Imλ5
+
1
4v1v32cξ
[
v2
(
R2i3
(
v21 − v22
)
+R2i2v
2
1 −R2i1v22
)− 2|fi|2v22
−2eiRi3vv1v2tξ + |fi|2v2t2ξ
]
Reλ6
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+
1
4v2v31cξ
[−v2 (R2i3 (v21 − v22)+R2i2v21 −R2i1v22)− 2|fi|2v21
−2eiRi3vv1v2tξ + v2|fi|2t2ξ
]
Reλ7, (B.6)
q ≡ Coefficient(V,H−H−H+H+)
= − 1
2v2v21v
2
2cξ
[(
v21 − v22
)2
+ v4t2ξ
]
µ2 +
3∑
k=1
(
gk −Rk3v3tξ
)2
2v4v21v
2
2
M2k −
v4tξ
4v21v
2
2c
2
ξ
Imλ5
+
v2
(
v21 − 3v22 + v2t2ξ
)
4v1v32cξ
Reλ6 +
v2
(
v22 − 3v21 + v2t2ξ
)
4v2v31cξ
Reλ7. (B.7)
An important property of these couplings is that they are linear in the parameters of the
set P0. It is also worth pointing out that these couplings are not identical to the Feynman
rules for the interactions they represent. One needs to take into account the fact that the
potential appears with a negative sign in the Lagrangian as well as the fact that combinato-
rial factors arising from the presence of multiple identical particles, and the imaginary unit
i should be present in the interactions terms. The corresponding Feynman rules become
HiH
+H− : −iqi, (B.8)
HiHiH
+H− −2iqii, (B.9)
H+H+H−H− −4iq. (B.10)
There are many interesting and useful relations among the couplings of the model. We
will point out a couple of these, but first let us introduce a quantity that is completely
symmetric under the interchange of any two of the indices 1, 2, 3:
σ ≡ q11 + q22 + q22. (B.11)
One can now easily show that
eiqi = (σ − q)e2i + (qii − q)v2, (B.12)
which in turn leads to
e1q1 + e2q2 + e3q3 = 2(σ − 2q)v2, (B.13)
where we have used the fact that e21 + e
2
2 + e
2
3 = v
2.
B.2 Couplings containing the factor ei
The quantity ei = v1Ri1 + v2Ri2 plays an important role as it appears as a factor in
numerous interactions involving neutral scalars. Here, we list them in two groups, those
that contain the antisymmetric ijk, and those that do not:
HiHjZµ :
g
2v cos θW
ijkek(pi − pj)µ, HiHjG0 : i
M2i −M2j
v2
ijkek, (B.14)
and
HiZµZν :
ig2
2 cos2 θW
ei gµν , HiW
+
µ W
−
ν :
ig2
2
ei gµν , (B.15a)
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HiG0G0 :
−iM2i ei
v2
, HiG
+G− :
−iM2i ei
v2
, (B.15b)
HiG
+AµW
−
ν :
ig2 sin θW
2v
ei gµν , HiG
−AµW+ν :
ig2 sin θW
2v
ei gµν , (B.15c)
HiG
+ZµW
−
ν : −
ig2
2v
sin2 θW
cos θW
ei gµν , HiG
−ZµW+ν : −
ig2
2v
sin2 θW
cos θW
ei gµν , (B.15d)
HiG0Zµ :
g
2v cos θW
ei(pi − p0)µ, (B.15e)
HiG
+W−µ : i
g
2v
ei(pi − p+)µ, HiG−W+µ : − i
g
2v
ei(pi − p−)µ. (B.15f)
Here, G0 and G
± denote the Goldstone fields. Since the couplings (B.14) are the only ones
that contain the antisymmetric ijk, one of these vertices must be involved in each of the
invariants Im J1, Im J2, and ImJ30.
In the notation of [17, 18], the different values can be expressed as
e1 = v cosα2 cos(β − α1), (B.16a)
e2 = v[cosα3 sin(β − α1)− sinα2 sinα3 cos(β − α1)], (B.16b)
e3 = −v[sinα3 sin(β − α1) + sinα2 cosα3 cos(β − α1)]. (B.16c)
In the limits of CP conservation that are not a consequence of mass degeneracy [39], one
of the ei will vanish. For the 2HDM5, they are given as:
H1 =A : e1 =0, e2 =v sin(β−α1∓α3), e3 =∓v cos(β−α1∓α3), (B.17a)
H2 =A : e1 =v cos(β − α1), e2 =0, e3 =−v sin(β − α1), (B.17b)
H3 =A : e1 =v cos(β − α1), e2 =v sin(β − α1), e3 =0, (B.17c)
with A here denoting the CP-odd neutral Higgs boson (not the photon). Substituting the
mixing angle α describing the CP-conserving case, α1 = α + pi/2, we recover the familiar
H1ZZ and H1W
+W− couplings (see eq. (B.15a)) proportional to e1 = v sin(β − α), valid
when H2 or H3 is odd under CP .
We note that
e21 + e
2
2 + e
2
3 = v
2. (B.18)
Clearly, equipartition maximizes the product e1e2e3 which enters in Im J2. Thus
max
e1e2e3
v3
=
1
3
√
3
' 0.1925. (B.19)
B.3 The coupling qi
The trilinear neutral-charged Higgs coupling is denoted as qi:
HiH
+H− : −iqi. (B.20)
This coupling is more complicated than ei and fi, when expressed in terms of the neutral-
sector mixing matrix.
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In the model discussed in [20], the coupling coefficient qi takes the form
HiH
+H− : − iqi (B.21)
=− i
[
2M2H±
v1Ri1+v2Ri2
v2
−µ2 v1Ri2+v2Ri1
v1v2
+M2i
v31Ri2+v
3
2Ri1
v1v2v2
+∆
vRi3
v1v2
]
.
Here, ∆ can be written as ∆ ≡ v∆123, with
∆ijk =
(M2k −M2j )Rj3Rk3
v1Ri1 − v2Ri2 . (B.22)
B.4 The coupling fi
Another coefficient appearing in many bosonic couplings is denoted fi,
fi ≡ v1Ri2 − v2Ri1 − ivRi3. (B.23)
In contrast to the ei (and qi) it is complex. However, we note that they are related to the
ei as follows:
Re fif
∗
j = v
2δij − eiej . (B.24)
HiG
−H+ : − iM
2
i −M2H±
v2
fi, HiG
+H− : − iM
2
i −M2H±
v2
f∗i , (B.25a)
HiH
+AµW
−µ : i
g2
2v
sin θWfi, HiH
−AµW+µ : i
g2
2v
sin θWf
∗
i , (B.25b)
HiH
+ZµW
−µ :
−ig2
2v
sin2 θW
cos θW
fi, HiH
−ZµW+µ :
−ig2
2v
sin2 θW
cos θW
f∗i , (B.25c)
HiH
−W+µ :
ig
2v
fi(pi − p−)µ, HiH+W−µ : −ig
2v
f∗i (pi − p+)µ. (B.25d)
In the CP-conserving limit, two of the fi are real, whereas the third is pure imaginary.
We note that the following relation follows from the unitarity of the rotation matrix:∑
i,j,k
ijkeif
∗
j fk = −2iv3. (B.26)
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